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ON COMMUTATORS OF SINGULAR INTEGRALS
AND BILINEAR SINGULAR INTEGRALS

BY

R. R. COIFMAN AND YVES MEYER

ABSTRACT. LP estimates for multilinear singular integrals generalizing
Calderdn’s commutator integral are obtained. The methods introduced involve
Fourier and Mellin analysis.

1. In this paper we introduce new methods to obtain estimates for com-
mutators of singular integrals as well as other related operators.

Let A(f) = A(x)f(x) and H(f) = puff()dt/(x = t). It has been shown by
A. P. Calderdn [3] that
(1.1) {4, dH/dx] fll, < CIIdA/deIplllfllpz,
where [A, Hl =A-H-H A, 1/r=1/p, +1/p, and 1 <p, <, 1 <p, < oo,
1<r<ee,

Calderon’s theorem was proved using a characterization of the Hardy space
H'(R) in terms of the Lusin area function. It is the special form of the kernel
which permits analysis using complex variables. It will be shown here that these
LP estimates (as well as others) can also be obtained by making use of the Fourier
transform followed by the Mellin transform.

These ideas are applied to obtain estimates of the following type

(12) 1[4, d*H/dx?], B] fl|, < CldA/dx||, ldB/dxll, I fll,.,

where 1/r = 1/p, + 1/p, + 1/p;, 1 <p; <o, 1 <p, <o, 1 <p; <o,
Actually, results improving both (1.1) (1.2) can be obtained. In fact let

[A&x) — AW)] [B(x) — B(Y)]

b, £)@) =pf .
0@ b, 1)) = pof PR () dy
where a = dA/dx, b = dB/dx. Then for o> p > 0 we have

(1.3) Jice, 5. P ax <, [@@pe) P

where a* is the Hardy-Littlewood maximal function of a.
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316 R. R. COIFMAN AND YVES MEYER

We should point out that estimates of type (1.1) are reducible to results
involving bilinear singular integrals. Let S(f, g) be a bilinear operator commuting
with simultaneous translations and simultaneous dilations of both functions f, g
in LP1 x LP2, More specifically, assume that

S N =" kt-x t-y) e dxdy,

where k& is an odd Calderén-Zygmund kernel (i.e., k is homogeneous of degree —2
and the restriction of k to the unit circle is of bounded variation), then one
obtains the result

1@ I, < Sl lell,,

for 1/r=1/p; + 1/p,;, 1 <r<ee, 1 <p, <o, 1<p, <o, Calderdn’s estimate
(1.1) is obtained by using

1, x>0,

0, x<0.

(1.4 k(x, y) = o) — e(y) where e(x) ={
(x - »)?

The estimates (1.2) are obtained by using a similar analysis on a kernel related to
the double commutator occurring in that expression.

The paper is split into two main parts. The first deals with some basic
estimates obtained by Fourier transforms for special L?-spaces. The second part
extends these results to the full range of spaces by means of real variable tech-
niques. There the main idea is to prove the so-called “good A distribution func-
tion inequalities™ (4.11), which permit this extrapolation.

To conclude we would like to thank Guido Weiss with whom we had many
helpful discussions and Bogdan Baishansky with whom some of the real variable
ideas were developed.

2. We illustrate the ideas developed later by examining first the special case
of the commutator singular integral of Calderdn.

Aa, (x) f A6) - A)(zy) f(»)dy, whered' =a

We want to estimate

1= [, ) etx)ax
= ”ff (}’)g(x)a(—xi(-;t(_—};;):'{)‘)x(t)dtdx dy,

where x is the characteristic function of [0, 1] and g, f, g are real-valued test
functions. We now write
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alx + t(y - x)) = fe’("“""(""")“)a“(u) du

which gives us
= [ffree f i“y a*px~(u(x — y))dx dy du
=J. [ff flx- sk(x)e"‘“x“(us)%!—dx]a“(u)du
= f a “(u)[ff g (u -v) ( f &Vx*(us) a;_s) dv] du
= f (ff‘(v)gz(u - v) sgn u@(%) dv) a*(u)du
where
-1, t<0,
@)  em=cf{u-1, 0<:<1}= c[zf_’“ x(s)ds - 1] :
1, t>1,

Thus we are led to study the function F(x) defined by

F*(u) =sgn u.f_: f*weg*u - v)@(lv;)dv.

We write f=f, +f_andg =g, +g_, where
f*@), v>0,

fi) = {
0, v<0,

and denote the corresponding integrals by F3,, F3_, FZ, and FZ_.
F3_and F2 are essentially trivial to study, since then we have either
v>0,u <vand sgn ud(fu) =1 orv<0,u>vand sgn ud(v/u) = —1. Thus,

F, =T +(x)g-(x) and F_ +(x) = —f__(x)g,,_(x).
For F, . we have u > v > 0 and
F24() =2 F2030 ~ o) dv = (£, (), ) @)

because

I

=c.[°° (9)”—11-— for 0<v<u.
—co \ U 1+72

The first term then becomes

“ d N w " h _ o M. @.,.M (f+))
@) [~ ;-17—2.14 i'yf_w VI (e — v)dv —I_w ——-—'——"’1 n ;2 dy
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where
M () (x) = @ *@) ().
'We now claim that foralle > 0 and 1 <p <o,
MO, < C(1 + Wl /2-1ptey ),

the result being valid for p = 1 if f is in H'(R) (see Lemma (2.4)). If we now
take fELP,g€L9sothat 1/r=1/p+1/g<1,o>p>1,0>qg> 1, we
obtain

"M—'y@+M'y(f+))"Hr < ql + h’l“/2_1/’“'ll/:—l/pl'l'e)'k"q"f"p.
Thus, applying Minkowski’s integral inequality in (2.2) we get

IF4 4 Gl , < Cligll I 1l

F__ can obviously be treated by the same method; taking @ € L” we obtain the
following inequality of Calderdn:

23) IC@, Nl < Cllall, N £l
LEmMMA (2.4). Let
M (f) = (7f ~@)y;
then, for 1 <p < oo,
MO, < Cp(1+ WM P12 ln(1 + b))II£l,;
for p = 1 the result remains valid provided f € H'.
ProoF. We have M. (f) =k, + f, where

DA+ 1 1
l'\(_i.ylz)ﬂl"y-l-l/Z |x|1+l"y Y lel+i1 :

Moreover, C, = O as [yl — e. It is clear that

J.I:n:|>2|y|

Now using results of Fefferman and Stein [8] we obtain
I, (N1 < OWhTIog(YIA 4, Il —> o=,

The result for LP follows by convexity and interpolation. We should note that
the estimate

IM (P, SO + WM P12 f) 1 <p <o,

k,(x)

11
lx _yll-H’y 'x|l+i'y

dx = O(lnlyl) as |yl — .




COMMUTATORS OF SINGULAR INTEGRALS 319

can be obtained directly from the Calderdn-Zygmund theory. It can also be
obtained from the multiplier theorem stating that (m(z)f*)” is a bounded operator
on LP provided m(f) € L%,

Im(t + h) — m@)| < |n/t|* for2ln| < |tl and a> |1/p - 1/2|

and the observation that

e + R = 171 < (1 + i) /e
for 0 <a<1;see [7].
The previous result (2.3) is a particular case of the study of bilinear singular
integrals commuting with translations and dilations. In fact, we have

THEOREM I. Let
S(f, £)0) = [ [k - 1, y - ) f )Y dx dy,

where k(x, y) is odd, homogeneous of degree —2 and the restriction Q(0) of k to
the unit circle is of bounded variation; then

ISCA, )0l < CUF gl

foro>p>1,0>qg>1,2>r>1and 1/r = 1/p + 1/q; moreover S is in
weak L forr = 1.

REMARKS. 1°. The result remains valid for » = 1 if k(x, y) = O whenever
xy > 0, which is exactly the case for Calderdn’s operator where (1.4) holds.

2°. The theorem can be read as a restriction theorem of the singular integral
transformation in R? to the line (7, £); it follows immediately that one can restrict
to any line through 0 which is not horizontal or vertical. The restrictions to the
coordinate axis are possible if we add the assumption that f};/ 2Q(0)do =
J7/256)d6 = 0 where Q(0) = k(cos 6, sin 9).

3°. In view of the preceding remark it is natural to conjecture that convolu-
tion with & in R? is a bounded operator on the tensor product

PeLI= {F(x, PP ) =T f@e0) with S 1AL lgl, < oo}.

This, however, is false even for Calderdn’s kernel. It is quite easy to obtain suf-
ficient conditions on k for boundedness on LP ® LY.

ProoF oF THEOREM 1. As before, we calculate the Fourier transform of
h(?) = S(f, g)(t) by observing that

h(t) = f f k(x =, y — 1) f(x)g(y)dx dy
= [ [ B, e+ ~(w)g"(v) dudv
= feits (fk"(u, s—u)f*(ug(s - u)du> ds.
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Thus,
hA(s) = fl?“—(m)f“(u)g*(s - u)du.
We know from the Calderén and Zygmund theory [9] that
k~(cos 0, sin 8) = C j:" Q( - ¢) sgn(cos ¢)dp = w(0);

thus '(@) is of bounded variation.

FIGURE 1

As before, put f=f, +f,g=g, +g_. We first consider

h2, () = f:k—?——‘* s =) f 2 (W)e(s - u)du

= [ (B 1-5) rr0ene - .

o =k*t, 1-H-k~0,1), 0<t<]1.
As can easily be seen from Figure 1, the transformation linking ¢ to 6 is in C*,
and thus ¢'(?) is of bounded variation on (0, 1); thus, the function ¢(¢™) can be
extended to (—°°, ®) in such a way as to have a Fourier transform m(y) bounded

by C/(1 + 7).
We thus obtain, for 0 <t <1,

We let

o0 = [+ minyar;

hence,
13,0 = [~ mens ™ [ 130t g3 - au

+ k“(O, 1) f+ (699 N

which is estimated as above.
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We now study 4} _(s). Here we have to distinguish s > 0, s <0, and pro-
ceed as above.

If s> 0we musthave u >0,s>0,5s —u <0; thus, 0 < (u-s)/u<1.
We now introduce

¢,(1) = k*(1,-0) - k*(1, 0).

It is again clear from Figure 1 that ¢ (¢) is of bounded variation. As before we
write, for 0 <t <1, ¢,() = f:’,,t""ml('y)d'y for some m, satisfying |m, (y)| <
C/(1 + 4%). Thus,

e(Shi_(s) = g f my () (f w2 @)ls — ul"gr (s - u)du> dy
+k*(1, 0)(f...g_)“(s)}e(s).

If s <0 we must have s <0 <y, thus u <u/(u —s) < 1. Introduce

$,() =k*(=t, 1) —k*~(0, 1).
As above, we represent ¢,(f) = ff,,t""mz('y)d'y, with m,(7)| < C/(1 + v?) and
0<t<1. Hence,

(-3 () = gf m,) (f WTF ) - u g2 (s — u) du) dy

+ k%0, 1)(f+8)°(s) [e(-9)-

Estimating as before we deduce that the functions in curly brackets are
Fourier transforms of functionsin L' (r = 1) if 1/p+ 1/g = 1/r, 1 <p < oo,
1 <q <, Using the boundedness on L" of the operators f,(x) = (e(%s) f*)(x)
we deduce that k,_isin L" if r > 1 and in weak L! forr = 1.

3. As an application of the ideas illustrated above we would like to study
the double commutator integral

[A(x) - A()] [B(x) - B(»)]
x-y)?

e bW =" fG)dy

wherea=A4',b =B'.
THEOREM II. Let ¢ denote an absolutely continuous nonnegative increasing

function satisfying $(2x) < Co(x) and let

1
* = 2 .
*0) Slélp c m<e|f(x + 0)ldt;

we then have the following inequality:
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Jow@, b, N ax < €, [ N .

In particular, if a € L™, b € L™ and ¢(t) = t° then

IC@ 5, ll, <C AN, 1<p<e.

The proof is split into two main parts. In the first we use the previous
methods to show that

IC(a, b, f)"4/3 < C'l|a||4llb||4||fl|4

(The Fourier method yields a wider range of indices (see Lemma (3.2)) but does
not include the case a €L™, b € L™, f € LP for which we need real variable
ideas.) In the second part we use this estimate to analyse C further by real
variable methods, proving “good A inequalities.

PART 1. The basic estimate. As before we study

I= [C@, b, NPEO)y
= [ [[[ 180X =) xOx@ax + Ky ~ blx + (v ~ ) dxdydsdt
=[f ( [ [1eag0e = e @) 57 sy (vs) ds dx) Z~@) 5°() du dv
=/J [f £+ o= Wt WGy, u, v)dw] @) 5~) dudb,

where
@3.1) Kw, 1, 0) = [ e sy .
We first study k& by observing that

ko(w, u) = k(w, u, 0) = sgn u@(g)

="M@ e ).

Thus

Kow, w,0) = - [x(5) koo =5, s = sen [Q ®) -0 v)]

where

~t, t<0,
Q=.*-t 0<t<1,
t-1, t>1.
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It is also clear from (3.1) that k(w, u, v) is homogeneous of degree 0, odd in
(w, u, v), symmetric in u, v and

kw, u, v) = k(w + u + v, —u, —v)

(we have used the fact that x*(us) = (™S — 1)/us).

We will study 7 by splitting 4, b, f, g into a, a_, f,, f_, etc. and denote
the corresponding integrals by I, , __, etc. As in Calderdn’s case the hardest case
involves I, , ., I ___ while the cases where we have some mixture of signs

exhibit some degeneracy.
The case of I, , , . We write

ky (w, u,v)=k(w, u v) —k(w, u+v,0)+k(w, u +v, 0).

k(w, u, v) = %I: kow —s, u)ds

equals —sgn u for w <0 and is sgn u for w > u + v; thus, k(w, u, v) =ko(w, u + v)
is supported in [0, u + v]. We now define

K(x’ »= k(xry’ 1 _y) - ko(x’ 1)

where
-V —_Uu ey =V
X=ore Y u+o 1-y ypr 0<x<1, 0<y<]1.
We claim
Lemma (3.2).
K yy=cf [ _x"y " mly, )dn dv,
where

33 JLImer I+ b+ by YA + by, + 7,y < oo

aslongas 0<a<%,0<p<% 0<y<%,0<a+p+vy<1;moreover,

y= 2
m(Yy, 12) = iy, (1 + )2 + iry)

TGy, + TGy, -1) T . r,
| [ I‘(il(*yl +17,)+ 1) + F("Yz -n- T @y +7) + 1)]

2
iy, (1 + iy iy,

The Mellin transform of K can be computed directly. For our purpose,
however, it is sufficient to obtain (3.3) for a <%, < % and vy = 0. This can
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be achieved by showing that the function

h(s, £) = 0, _ t<O0ors<o,
K™, e?, 5>0,t>0,

has a Fourier transform m(y,, 7,) which is integrable with respect to (1 + by, |%)-
A+, %) dvy, dv,. This follows from the Hausdorff-Young inequality whenever
h, dh/ot, dh/ds, 92h/dsdt all belong to L2~¢(R?), € > 0. This can readily be
checked using the following expression for K:

ley(l _y)—zx 0<x<mf()'» 1 ‘}’),
K(x, y) = mf< yy > )(2x—l) inf(y, 1 - y) <x <sup(y, 1 =),

-x _
Q1 x)(z--y(l y))’ sup(r, 1 —y)Sx<1.

We now consider £, g, a, b € L* and we estimate
Lipiy = f fEf_‘(u)Iﬁ(v) (ff S+ v—wiiWkw, u, v)dw) dudv.

In view of the fact that 0 <w <u + v, we can use Lemma (3.2) to represent k as

w \iv u i
k(w, u, v) = ff(u + v) 1(u + v)wzm('yl’yz)d"l dy,

w_ \iy_9Y
+CI(u+v) 1+792 1

(where the second term comes from ko(w, u + v) = 2w/(u + v) — 1). Thus

Iiyyy = ffm('yl s Y2) [fj‘muiyzm (u+ v)—i(71+72)
 [£30+v-weroow ™ dw

+of [ @i e+ o

'ff 2u + v - wis (W)W dwdudv

- ffmb () (ff...(ll +v- w)g_,,(w)dw) dudv.

Observe first that the last integral equals
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J11 60, 098, (3, (x)ax

while the preceding one is

fl j_'y,yz f M—'y(f .,.M,,(g.,.))(x)m;)m dx

and the first becomes

fm(7l 72){fM_12(a+)(x)b+ zx)M-‘yl-«yz(f-yMyl(g))(x)dx} d71 d')'z-

Since

WM, flly < OL + WM fll,
we obtain the estimate
L gy y < Cllally Bl 11 £1l4 gl

The cases. I, :Hereu+v>w, w<0,u>0,v>0so that k(w, u, v)
= —1 in this range and the estimate is trivial. Similarly for the next two cases:
I, _,:Hereu>0,v>0,u+v<w, w>0so that k(w, u, v) = +1.
I, _u>0,v>0,u+v<w<0domain of integration is null so that
I, _=0.
I,_,:u>0,v<0,u+v>w>0,0<wu<1,0<-vu<1and

iy i
s =2 -f-t=ef )+ () | i
u u u u l+72

The estimate follows along the same line as before.
I,___:u>0,v<0,w>u+vw<O0and k(w, u, v) =2w/v —ufv - 1
is estimated as above.
I,__,:u>0,v<0,w>0,w>u+y,
1+ w-uw?w, w<uy,

k(w, u, v) =
l’ W>u.

This case is slightly different. We introduce s =w — u and let

1+ /w, max(-u, v)<s<0,

ko(S, u, v) =
1, 0<s;

then
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Iy _y= f f ag(u)b2(v) f k(w, u, v)f2(u + v — wigt(w)dwdudv
= f: [ffmlf(v—)f:(v - s)gi(u + s)dvdu] ds

0
-[°[Jf @ L L 120 - 93 + e o)as
Observing that 0 < s/—u < 1, 0 <s/v < 1, the second integral can be rewritten as

CJ:: J.:o ax a‘:;‘(‘lw-l- ﬂ)z L<ols|i(a+ﬂ) (fu—ia m-:(u + s)du)

) (I W 522 - s) dv) ds

- dadf
v L

(l + Iall/4+e)(lml/4+e + l)
<[f e rgy Pl sl

where
[G, ()] *(s) = Isl™ [ f u ' (u)gp(u + s)du] e(—s)

and

[Fg(x)] ~(s) = Is* [ f It #b2 ) f2(v - 5) dv] e(=s).
I,_, :u>0,v<0,0>w,u+v>wand
{—(1 +(w-v)w), v<w,
k(w, u, v) =
-1, w< v,

is treated as above.
Combining all the cases above we have just estimated the integral

f as Wb @) f kw, u, v)f*(u + v—w)g*(w)dw

for all b, f, g € L*. The case with a2 (u) can be reduced to the case above by
changing b(x) into b(-x), f(x) into f(—x), g(x) into g(—x) and using the fact that
k is-odd.

4. Real variable methods. Our purpose now is to extend the preceding
estimate to a wider range of spaces. In particular, we need first to obtain

0@, b, N, < Alallallbllallfll,  1<p<ece
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The idea is to control the local behavior of the operator and use the fact that if

a€L™, b €L, they are locally in L*. This is achieved by proving “good A
inequalities”. For technical reasons we need to estimate the operator

A(x) - A B(x) — B
fl &) -4 L (3) (62) o) dyl’
x—y|>e x-) |
since it is only for this operator that the good A inequalities can be proved. We

proceed as in [1], [2] using the method of Cotlar.
We let

Cu(@, b, f)x) = sup

_ UK) —40))B() - B() .
(x-»)?

LemMA (4.1). Let |x —x,| < €[4 and |x — x,| < €/4; then

k(x, y)

f ly—xyI>e [kCx, ») = kGey, )] L) dy | < O *(x)a*(x,)0*(x,),

where f* is the Hgrdy-Littlewood maximal operator.

ProoF. The inequality

be = x|
k@, y) — k(xy, MI<C " a*(x,)b*(x,)

- xl 12
can be verified directly (just use [(A(x) — A(»))/(x — y)| <a*(x), etc). Moreover,
Ix - xl l
o o 2 fO)dy < OFoxy)

y—x1|>e Iy - xl |2
by a standard argument.

LEmMMA (4.2). Letp, 2 1,p, =1, p; 2 1 be such that
4.3) IC(a, b, £)x) > N < C(llall,, lllbllp 2Ilf I, 3/)\)",
where 1/q = 1/p, + 1/p, + 1/p;; then for 0 <8 <q <o
(449 Cula b, 1)X) < G, [As(Ca, b, G + A, @A, BIA, (],
where Ap(f) = (IfI)*!/* and C, satisfies the same weak type inequality (4.3).

PrOOF. Let x,(¢) be the characteristic function of [x — €, x + €] and con-
sider, for |x, — x| < /4,

CPNn) + CleFNeer) = QW) = J TG, 3) = kxy, 201 F0) .
Using Lemma (4.1) we obtain
ICAYRN < [0 o)l + ICAHoxy )l + ca*Gep o) G0
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Forming the power & of both sides, averaging in x, on (x — €/4, x + €/4) and,
finally, taking the power 1/5, we obtain

IC.(FY) < c[As(ANNX) + a*(x)b*(x) F*(x) + M5 (F)x)],
where
Mo = sup (2 [0 0t 1w P sy ).
We first observe that on (x — €/4, x + €/4),
COx F)*1) = C(Xett, Xebs X FN%4)-

Now, using Kolmogorov’s inequality, we obtain, for 0 <8 <g,

2 x+tel4
x—€l4

1-6/
100 I ax < G52 ( ) lixealls, I, Ixe F15.

= c(-el j‘lx—t|<e‘a(t)lpl)l5 " (% J‘lx—tl<e |b(t)|p2)8/p2

(1 3)8/”3.
<€ flx—tl<efp ?

My(F)x) < chy @A, )N, (1))

Obviously, M; satisfies inequality (4.3).
To see that the first term of the right-hand side of (4.4) satisfies the weak type
inequality (4.3), we use the fact that for the noncentered maximal operator

thus,

IE\I < % IE)\IfIdx where E, = {f*x) >}

Thus,.using Kolmogorov’s inequality again, we have
B\l = 1A (C(F) > N = Q1) ") > 2]

IEy 170/

< ,% fghu N dx < c—> = N}, Bl 1715
simplifying and taking power 1/§ we obtain the desired inequality.
LeEMMA (4.5). Under the assumption (4.3) of Lemma (4.2) we have
ICula, b, 1)) > 2\, A, @A, (B, (F) < TN < CFIC,G@, b, ) > N,
where 1/g = 1/p, + 1/p, + 1/p;.

PROOF. {Cy(a, b, f)x) > A} = UI,, where the intervals I; = (o;, &; + &)
are disjoint and C,(a, b, f)(e;) < \. It is enough to show that
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Ix €1 Cula, b, 1)) > 20, A, @A, BIA, (1) < 7N < OYIUE.

Now, let us fix the index i and put
I = (o — 25, 0; + 25));

we write f = f; + f,, where f; = x; £ We can also assume the existence of
& €1; such that Ap,(a)A,,(D)A, 3(FXE) <\ We first observe that, for x € I;,

Cu(@, b, £,)(x) = Colxr8 Xrbs Xr,F))
and that, by (4.3) of Lemma (4.2),

Ix €1;: Cu(a, b, £,) > BN < llixggl,, Il Ixr 1, /60

< clli(A, @B, (B)EOA, (FXEN < cll;i(v/B)?.
For the function f, we have

C(20) = C(f2)%) = C(f2)(e) + C( )@,
IC(f)x) = C ()@l < lLy—a,-l>e [k(x, y) = k(oy, 1)1 £,(0)dy l

X—€ x+e
ol NLOY |+ [k 1,00y

< OHEEEP*E <O

where the 1st term is estimated by using Lemma (4.1), while for the second and
third we observe that

lk(x, )| < Ca*(ED*E)L| + €),

which implies the inequality. By construction, C (f,)(;) <A. Thus
Cl))xX) SN+ O\ forall x €I,

Combining this with the estimate for Cy(f;) we obtain

Ix €1 Cu(a, b, 1) > 2, A, @A, (BIA, (1) <M
<Ix€I;: Cya b, f;) > (1 = CYA + Ix €I: Cala, b, £,) > (1 + CY)

< C(v/(1 - CY)IL + 0. QE.D.

LEMMA (4.6). Forall p > 0 and p,, p,, D3, for which (4.3) is true we have
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J10@ b, 1X0)P < €, [, @A, BN, ()P
This follows immediately from Lemma (4.5) by a standard argument (see
[6D).
CoROLLARY (4.7). Ifa€L™, b EL™, fELP, > p> 4,then |I((a, b, N,
< Clall Bl A1,

In fact we know that for p, = p, = p; = 4, condition (4.3) in Lemma (4.2)
is verified. Since A, is a bounded operator on L? for p > 4, the conclusion
follows from Lemma (4.6).

LemMA (4.8). If p; =p, = p3 = 1 then (4.3) in Lemma (4.2) is satisfied:

ICGa, B, £)(x) > I < C(lall, 1B, Il £1l, /3.

ProoF. We use the Calderdn-Zygmund decomposition of £, b, a in order to
extend the range of the estimate in Corollary (4.7). We first observe that if
a €L, b €EL™, then the estimate in Lemma (4.1) gives

by °|' lall 1Bl

k(x, ) = k(x, yo)l <

0

for [x —yol > 21y —y,l. This permits us to see immediately by the Calderdn-
Zygmund method that

49 ICa, b, F)x) > N < llall Il MAlly /A

We now leave a € L™ and take b € L', |Ibll; = 1, Il fll; = 1 and we decompose
(asin [S]) b =b, + b,, where b; < A2, b, = Z b, with by, supported in I},
having mean 0,

ul—k'jlbkwx <N/2 and T ILI<CAM2,

We obtain from (4.9)
IC(a, by, FXx) > A < A2,
Observe that for x ¢ 2I,, B,(x) = 0 and |B,(»)| < A2|[,|. Thus,

B
it b 1= |- j(yzz AR =40) 1)y |
i
<212 k | |d

Now
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|

m[ If(y)ld}’

)3 <afl, <c

Thus,

x & U2,) 2 C@a, by, F)x) > A< 1AM2,

We obtained, by combining the estimates above,

(4.10) IC(@, B, £) > NI < (llall. 1Bl 1111, /)2
Repeating this argument for a € LY, |Ibll, = | fIl, = llall, = 1, we write

a=a +a, lgl<ON'3 =30,
and we proceed as above to obtain for x & 21, ,

0@y, b, FY) < A3 (‘—u&—m(f \f ldy> b*(x).

Again combining the estimates, using (4.10) and the fact that b* is in weak L!,
IC(a, b, £) > N < (llall Bl 1111, /)3,
Lemma (4.5) now gives the good A inequality

(4.11) ICu(a, b, FXx) > 2, a*()b*(x) f*(x) < YA < C'y’/ 31Cu(a, b, ) >
which, of course, implies Theorem II.
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